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Abstract 

We discuss D- dimensional scalar and electromagnetic fields interacting 
with a quantized metric. The gravitons depend solely on twodimensional 
coordinates. We consider a conformal field theory as a model for the 
metric tensor. We show that an interaction with gravity improves the short 
distance behaviour. As a result there is no charge renormalization in the 
fourdimensional Higgs model. 

1 Introduction 

We discuss D-dimensional scalar and electromagnetic fields interacting with a 
quantized scale invariant metric. The gravitons depend only on twodimensional 
coordinates. These coordinates could be considered either as additional coordi- 
nates (e.g., in the brane picture when gravitons can escape to extra dimensions 
[0) or as a (stringy) perturbation of the physical fourdimensional space-time 
deforming the flat Minkowski metric. 

In our earlier paper [|| we have shown that as a result of an interaction with 
a scale invariant quantum gravity the propagators of quantum matter fields 
become more regular than the ones in a classical gravitational field. In this paper 
we consider a specific model of a scale invariant quantum metric. We show that 
as a result of an interaction with a conformal invariant twodimensional gravity 
the fourdimensional Higgs model has no charge renormalization. This property 
can still hold true in five dimensions depending on the scale dimension of the 
twodimensional gravity. Higher dimensional models can still be renormalizable 
if we can treat properly more singular gravitational fields. We also show that 
after an interaction with twodimensional gravity the standard dispersion relation 
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(relating the temporal component of the wave vector to the spatial one) will be 
changed (for some other suggestions see ref.[||) . 



2 A model of quantum gravity 

We consider a metric tensor on the Riemannian manifold (Euclidean formula- 
tion) 

(G)^^=5^^ (1) 

as a twodimensional field G with values in a set of real symmetric positive 
definite D x D matrices G. We choose the metric in a block diagonal form 
qAB = if A,B > D - 2 and for A, B < D ~ 2 the tensor g'^'iyiF) is a 
{D — 2) X {D — 2) matrix depending on E R^. The manifold of matrices is 
homeomorphic to Rx SL{D — 2, R)/0{D—2). The corresponding decomposition 
takes the form 

G= (detG)^ ((det G)""^g) = (det G)^G = (exp 2V)G 

We choose a conformal invariant action for G (this is an infinite dimensional 
group the model is not invariant under the whole group of diffeomorphims 
of the metric, but such an invariance is anyway expected to be broken in a 
quantum theory) 



W{G) = ^Tr ^ (PxpG-^dGG-^dG + WZW 

= 2aJ (PxFdi>d^ + f Tr / (PxpG-^dGG-^dG + WZW 



(2) 



where d — di — 182 is the holomorphic derivative and WZW denotes the Wess- 
Zumino-Witten term It is convenient to choose the following parametriza- 
tion for G (T denotes the transposition) 

G = AfAJV^ (3) 

where A is a diagonal matrix, A/" is a nilpotent matrix with 1 on the diagonal 
and the matrix elements below the diagonal are equal to zero. Then 

e = A/'VA (4) 

can be chosen as the tetrad. Using the WZW cocycle condition 

W{GH-'^) = W{G) + W{H-'^) + 2aTr J G-^dGR-^dH 

we can express W explicitly in the coordinates (3) 

W{G) ^ ^Tr J A-iaAA-i9A + |Tr J {A-'Af-^dAffAf~^dAfA (5) 
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This is a model of an exactly soluble conformal field theory In the 

following we use the result that e = A/'a/A is a conformal field. In the coordinates 
(4) the conformal fields are e\ = exp(V' + 0), e| = exp(^ — </>), = exp{ilj — (j))X 
and 62 = where Aj = exp(2^ + 2(/)),A2 = exp(2-0 — 20) and the matrix element 
of A/" — 1 is denoted by X. The scale dimension of e is 7 = —a (a must be chosen 
negative, this is inconsistent with a finiteness of the functional integral but we 
may work at the begining with a positive a and only at the level of correlation 
functions continue a to negative values; the relation of the functional integral to 
the free field representation of conformal field theories is discussed in ) . The 
conformal invariance implies that the random fields X'^e'^{Xx.p) and e^(xi?) are 
equivalent, i.e., they have the same correlation functions. 



3 The scalar propagator 

We consider a complex scalar matter field $ in D dimensions interacting with 
gravitons depending only on a d-dimensional submanifold. We split the coor- 
dinates as X = (xcXiT-) with Kp G i?''. Without a self-interaction the $$ 
correlation function is equal to an average 



(6) 



over the gravitational field e of the Green's function of the operator 

D-d , D 



^=l^u=l k=D-d+l 

We repeat some steps of ref.||] (our case here is simpler and more explicit). We 
represent the Green's function by means of the proper time method 

/>CXD 

A-\x,y)^ dT{exp{TA)){x,y) (8) 
Jo 

For a calculation of (exp (tA)) {x, y) we apply the functional integral 

KAx,y)^iexp{TA))ix,y)=JVxeM-hI^^~U9''''i^F)^^) 
S{x{0)-x)S{x{T)-y) 

(9) 

In the functional integral (9) we make a change of variables {x — + b) determined 
by Stratonovitch stochastic differential equations |^ 

dx^\s) ^e^{xis))db^{s) (10) 

where for = 1, 2, D — d 
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and e^l^ 6^ifn> D - d. 

As a result of the transformation x b the functional integral becomes 
Gaussian with the covariance 

E[ba{t)bc{s)] = Sacram{s,t) 

In contradistinction to eq.(lO) can be solved explicitly. The solution Qt of 
eq.(lO) consists of two vectors (qcq^^) where 

cif{t,xf) ^ XF +hF{T) (11) 

and qc has the components (for /i = 1, ...,£) — d) 

qf^ir, x) = + r e^^ {^f {s, ^f)) db'^is) (12) 

-'0 



The kernel is 



Kr{x,y)^E[6{y-qr{x))]^ 

= E[S{yF - XF - hpir)) JJ^, ^ iVf. " % (^, x))] 



(13) 



Using eq.(12) and the Fourier representation of the 5- function we write eq.(13) 
in the form 

Kr{x,y) = (2^)-^/ d^ad^F 

£'[exp (ipF {yF - xf) + ipG (Yg - xg) - ipi^bj^ (t) - « / P^^a (Q (■», y^p)) db" (s))] 

(14) 

As discussed in ref.|l^ the expectation value in eq.(14) is finite if 7 < i. 



4 The scale invariant model 

In general we cannot calculate the average over the metric explicitly. How- 
ever, the scale invariance of the metric is sufficient for a derivation of the short 
distance behaviour of the scalar propagator. 

Let us note that y^b{s/T) ~ b{s) where b denotes an equivalent Brown- 
ian motion (the equivalence means that both random variables have the same 
correlation functions). Then, using the scale invariance of e with the index 7 
(discussed in sec. 2) we can write 

e(\/TXF) ^ T~ 2 e(xF) (15) 

Hence, in eq.(13) 

q^'{T, x) = + ri-i (r^ixi. + hp (s)) db^'is) (16) 
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The expectation value over e is 
{Kr{x,y)) = 

^- [(5 ((y^^ - x;^) T-'^-hp (1)) 5 (r-H* [y-x)- r?)] ) 

(17) 

where ^ 

7?'^=^ e^(T-5xf + W(s))d6<'(s) (18) 

Let P(u, v) be the joint distribution of (ry, bir(l)) ( P does not depend on 
XiT because of the translational invariance). Then, the propagator of the $ field 
is 



(19) 



h{A-\x,y)) = 

n dTr~(^-^^^-'P ((XG - yc) t(-i+^)/2, (x^ - y^) r"^ 

Eq.(19) in momentum space has the representation 

f°° 1- 
n(^-i(kG,kf)) = h / dTP(r^kG,^/7kf ) 
Jo 

where P denotes the Fourier transform of P. Using eq.(14) we may write ex- 
plicitly 

^(^-l(kG,kF)) 

= n dT{E[expi (^^/rkphp (1) + r5-ikG??G)]) 

The dispersion relation (relating the frequency to the wave number) is deter- 
mined by (after an analytic continuation ko — » iko) 

((^-l(kG,k^)))-l=0 

It can be concluded from eq.(19) that in general the dispersion relation will be 
different from the standard one (resulting from a non-linear wave equation) ko ~ 
|k|. In particular, we can see that if jk^l ^ |kG| then (^"^(kc, k^)) ~ |k_F|~^ 

1 — 2 

whereas if |kG| '> \^f\ then {A~ {\s.g,^f)) ^ |kG| ■ In the configuration 
space, the propagator tends to infinity if both |xf — yp\ and |xg — ycl tend 
to zero. However, the singularity depends in a rather complicated way on the 
approach to zero. It becomes simple if either |xf — y^l = or |xg — yc] = . 
So, if|xF — yF|=0 then we make a change of the time variable 

r = t|xG-yG|^ (20) 

Using eq.(19) we obtain the factor depending on |xg— YgI in front of the integral 
and a bounded function A of coordinates ,i.e., 

{A-\x,y))=A\^G-yG\-''+^ (21) 



5 



If |xG — yd =0 then we change the time variable 
As a result 

{A-'{x,y)) = A\^F -YfI-^^-^^^'--'^ (22) 

with a certain bounded function A. We can see that in the coordinate the 
singularity remains unchanged but the propagator is more regular in the xp 

coordinate. 

It is not easy to calculate the probability distribution P exactly Choosing 
as a first approximation ~ bG(l) we obtain 

9 9 

P(u,v) = (27r)-^exp(-— -— ) 

In this approximation 

M^-i(kG,M) = ^ drexp(--Ti-^|kG|'--T|kfn 
If £) = 4 then 

j dxFdyiG\{A-^{x,y))\^ = j d\<iGd\iF\{A-^ {k))\^ < oo (23) 

for any 7 > 0. 

In D dimensions the integral (23) takes the form 

/■oo poo 

/ dn / dT2{n + r2)-\Tl-^ + r^^)-^ 
Jo Jo 

It is finite if (1 — j){D — 2) < 2. Hence, it can be finite in D = 5 if 7 < ^ is 
large enough. In D = 6 power-law singularities appear if 7 < ^ and the model 
has logarithmic (presumably renormalizable) singularities for 7 = | . 

It can be shown that a singularity of the mean value of any power n of 
A~^{x, y) is equal to the n-th power of the singularity of the mean value {A~^). 
Then, it follows that there will be no coupling constant renormalization in the 

model in four dimensions. 

5 The photon propagator 

Let us consider the Z)-dimensional electromagnetic Lagrangian 

W=IJ d^x^g''"g''''FBcFRs (24) 
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We define 
and 



gBC = ^ggBC (25) 



ff^^ = ef eg (26) 
We consider also the inverse matrix I 

l%el = 5i (27) 

In terms of the tetrad we define fields in a local Euclidean frame 

Ar = ej^AB (28) 

We choose the Feynman gauge. This means an addition to the action of the 
term 



Wo 



= \j d'^xig^^dBVgAcf (29) 

We express the action by the hat-fields. We divide W = Wi + W2 + W3 + Wq 
as follows 

Wi = lJ d^'xAai-gP'^dpOMa (30) 

where Aa = e^A^ and 

W2 = i y d^xAkii-d, + tj}{d, + f,) - gP'^dpdMk (31) 

where 

(i)fe = giAk (32) 

is a vector and 

(fi)i = g'^djg-Ui (33) 

is a diagonal matrix . F is a connection defined in eq. (33) for the last {D—1,D) 
components and 

rja = e^adjit (34) 
for the first D — 2 components. After the transformation (28) VF3 reads 

^yAa[{^d, + r,){d, + rj)UA, ^ ' 

We can write down the whole action in the form 

W=^J d''xAn[g^''{-dB + rB){dc + rc)]RsAs = \j Ar{-Aem)rsAs 

.(36) 

where Vj has a block form with components defined in eqs.(33) and (34) {T^ = 
0). 
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For a calculation of the correlation functions in QFT expressed by we 
are interested in the heat equation 

drA = ^AemA (37) 

The solution can be expressed in a general form ^ 

A{t,x) = iTrA){x) = E[TrAiqrix))] (38) 

where Ab is a D-dimensional vector and the matrix T is a solution of the 
equation 

dT = tjTdb> (39) 

where V are independent Brownian motions. 

We need the kernel K of the operator Tr defined as the solution of the 
equation 

drTr = ^^EMTr (40) 

with the initial condition {Tr)\T=a = 1- In components, eq.(40) reads 

drKl,{T- x.y)^\j d^'zAEAiix, z)'^K{t; z, yfc (41) 

with the initial condition K{t = 0; z, y)^ = S^S{z — y) . Note that 

f, - ed,e-' (42) 

is of the form of a pure gauge. Then, eq.(39) can be solved exactly. Inserting 
the solution of eq.(39) into eq.(38) we obtain the solution of the heat equation 
in the form 

Ar{t,x) = E[e%ix)i^ci<lr{xMs{qAx))] (43) 

Hence, the kernel is 

Kl,{T;x,y) - e'^(x)iUy)E[S{y - g.(x))] (44) 

We must take an average over the tetrad in order to compute correlations in a 
random metric field. It is not easy to calculate expectation values of the inverse 
of e. So, we restrict ourselves to some special correlations . 
The formula 

{An{x)Ap{y)) = {{~AEM)n],{x, y)} = {Vnp{x, y)) (45) 
follows from the action (36). We can use this result to compute 
(Pg(a;,y)) {AB{x)A^{y)) = {AB{x)g^''' {y)An{y)) 

= {i^{x)An{x)e'^{y)e§{y)lP{y)Ap{y)) ^ dr{i%{x)e<i{y)e^ {y)iUy)K^.{r-,x,y)) 
= 5%j^dT{E[5{y-qr{x))]) 

(46) 
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where the r.h.s. is equal to the scalar propagator. We can conclude that the 
short distance behaviour of the scalar as well as photon propagators are the 
same. It is less singular than the canonical one and determined by the scale 
dimension of e. 

Finally, we consider the Abelian Higgs model. Its gauge invariant perturba- 
tion expansion in the interaction is expressed by the propagators 

(y)) = (/,°° drE[S {q (r. x) y) oxp (^ dq^ {s)Ab (q (s)))]) 
= (/~ dTE[6 {q (r, x) - y) exp ( - i /; dq^ {s)dqc{s')V<i {q (s) - q (s')) )]) 

(47) 

where V has been calculated in eq.(46). In the approximation (exp(— I?)) ~ 
exp(— (D)) we obtain 

^ dTE[{S [q (r, x) - y)) exp ( - \{f, dq^ {s)dqc{s')V% {q (s) - q {s'))))] 

(48) 

The double line integral in the exponential (48) is more regular than the canon- 
ical one and may be finite depending on the dimension D and the value of 7. 
In particular, it is finite if D = 4 . The expression for higher order correlation 
functions is similar to eq.(47). So, for the fourth order correlation function we 
have 

mxMx')^*{y)^*{y')) = {J^^dTdT'E[S{q{T,x)-y)S{q'{T',x')-y') 

exp (i dqeA^ + i J^' dq'gA^^]) + {x ^ x') 
= it drdT'ElS [q (r, x) - y) 5 {q' (r', x') - y') 
^^p{-Uo IodqBi-^)dqc{s')V'i 

--2 lo lo dq^'{s)dq'c{s')V% - /; dq^{s)dq'a{s')V%)\) 
+{x x') 

(49) 

where the last term means the same expression with x replaced by x' . We 
can obtain similar formulae for higher order correlation functions (including 
the correlations with the gauge potential). It follows that as a result of the 
more regular short distance behaviour of the scalar propagator (19) and the 
electromagnetic propagator (45) there will be no charge renormalization in the 
fourdimensional Higgs field interacting with a scale invariant two-dimensional 
quantum gravity. In higher dimensions D the charge renormalization depends 
on the values of D and 7. There still will be no charge renormalization if £) = 5 
and 7 is sufficiently close to |. 
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